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Section S1. Floquet interpretation of the tight-binding Hamiltonian Section S2. Transfer-matrix method for the microring array Section S3. Designing the coupling and modulation strength of the link ring Section S4. Waveguide coupler and modulator design Table S1 . A sample device design. Section S1. Floquet interpretation of the tight-binding Hamiltonian Our system with dynamic modulation is an example of periodically-driven quantum systems, which can be described by the Floquet theory (38,39). Here we use the Floquet theory, detailed in (39), to reproduce the tight-binding Hamiltonian with interlayer coupling used in the main text, and to provide a physical interpretation of eigenvalues and eigenstates of our system. In the Floquet picture for periodically-driven quantum systems, a dynamic modulation creates virtual sidebands whose energies are spaced by the modulation frequency Ω, and the Floquet eigenstate is a coherent superposition of these virtual sidebands. The Floquet quasi-energy represents the average phase accumulated per unit time, and can by calculated from the Floquet operator, i.e., the time-evolution operator of the system over one period. Moreover, if the effective time-independent Hamiltonian of the Floquet operator exists, then the Floquet quasi-energy is the eigenvalue of the effective Hamiltonian. Because the Floquet quasi-energy is a phase variable, it is periodic with a period 2π/T = Ω. Our coupled ring system is described by a time-dependent, periodic Hamiltonian H(t) satisfying H(t) = H(t + T ), where T is the period of the refractive index modulation. Using the Floquet theorem, the Floquet eigenstate satisfies
Here |φ m describes the spatial distributions of the amplitudes at the mth frequency sideband. Ω = 2π/T is the frequency corresponding to the time period of H(t). From Eq. S1, we can derive the time-independent eigenvalue equation for the Floquet quasi-energy
Here H mm is the time-independent Floquet Hamiltonian that relates the amplitudes at different frequency sidebands. For our system with a harmonic refractive index modulation at the frequency Ω, the periodic Hamiltonian H(t) has a specific form of
H 0 is the time-independent Hamiltonian describing the unmodulated system, and its expression is given in Eq. (2) of the main text. It is block-diagonal with the form
where ω 0 is the resonant frequency of a resonance in a static ring, I is the diagonal matrix that captures the on-site energy of each resonant mode, and the off-diagonal matrix H 1 captures the static inter-ring couplings. Combining Eqs. (S2) and (S3), we can conclude that the Floquet Hamiltonian H is tridiagonal with the form
∆ in Eq. S3, which describes the strength of the dynamic modulation, thus appears as interlayer coupling in Eq. S5. We can rearrange H by substituting the expression of H 0 using Eq. S4, and order the diagonal blocks by the value of their diagonal terms. Furthermore, note that the dynamic link ring implements a ∆ matrix that is upper block diagonal. After this rearrangement, one can show that H can be expressed as
which is block diagonal, and the diagonal blocks differ only by integer multiples of Ω on their diagonal elements. The term H 1 ⊗ I + ∆ + ∆ † common to each diagonal block is the 3D tight-binding Hamiltonian with interlayer couplings used in the main text to described our system, i.e., Eq. 3 with the interlayer coupling modifications in Eq. 5. Here we reproduce it using the Floquet theorem approach. Moreover, the eigenvalues of of the tight-binding Hamiltonian δω plotted in Fig. 4A of the main text is related to the Floquet quasi-energy of H by ω 0 , i.e., = ω 0 + δω. Similar to the Floquet quasi-energy, the eigenvalue δω of our system is periodic with a period Ω. Without lost of generality, we assume δω ∈ [−Ω/2, Ω/2). The conserved quantity guaranteed by the hermiticity of the tight-binding Hamiltonian (as well as the Floquet Hamiltonian) is the Floquet eigenvalue δω. Furthermore, with = ω 0 + δω, the Floquet eigenstate in Eq. S1 becomes
|φ n describes the spatial distributions of the amplitudes at the nth frequency sideband. Physically, δω describes the frequency of the field oscillation, up to an arbitrary integer multiple of the modulation frequency. It is common to all rings and all sidebands. This form of the eigenstate applies to periodic systems as well as finite systems (in both spatial and frequency axis). For an infinite, periodic system along the frequency axis, which is a valid approximation when the waveguide dispersion of the rings are linear over a large number of free spectral ranges, the eigenstates have the form of a Bloch wavefunction along the frequency axis such that
where e ink f Ω describes a sideband-dependent phase factor and |ψ(k f ) describes a sideband-independent spatial distribution of the modal amplitudes. For example, in Figs. 4(b,c) of the main text, we provide such an amplitude distribution |ψ(k f ) for a particular wavevector k f along the synthetic frequency dimension. Furthermore, for an infinite, periodic system along x and y axis, |ψ(k f ) can be further expressed as spatial Bloch wavefunctions with wavevectors k x and k y .
Section S2. Transfer-matrix method for the microring array
In the main text, we use an effective tight binding Hamiltonian to show the emergence of topological states in a microring array system. However, the tight binding model is valid only when inter-ring coupling is weak, and the operation frequency is close to resonance of the site rings. To obtain a more accurate description of the microring array without the above limitation, we use the transfer matrix method (9) for all numerical calculations. The transfer matrix method accounts for waveguide modal amplitudes at different parts of each ring. It incorporates wave propagation in waveguides forming the ring and wave scattering at waveguide junctions between link rings and site rings. This method can also describe dynamically modulated microring systems (19). Here we present the transfer matrix method used to study the microring array in this work. Within each quarter of the ring, the electric field can be represented by the modal amplitude times a frequency-dependent propagation phase. We will prove in session S2 that the static link ring is anti-resonant with the site ring. Consequently at frequency ω = ω m + δω, where ω m is the resonant frequency of the m-th resonance of the site ring, the propagation phase over one quarter of the site ring is (m + δω/Ω)(2π/4), and the propagation phase over one quarter of the static link ring is (m + 1/2 + δω/Ω)(2π/4). For convenience of notation we define φ = (δω/Ω)(2π/4). The equations describing wave propagation in the upper and lower parts of the static link ring are
The equations describing the coupling between the static link ring and the site rings in fig. S1a 
where
is the scattering matrix relating the input and output fields at the waveguide coupler between the static link ring and the site ring with a coupling strength γ s . The equation above is for a static link ring that couples along the x direction. Similar equations can be obtained for the static link rings that couple along the y direction. Fig. S1b is a zoom-in of the setup shown in Fig. 1 of the main text involving a dynamic link ring. As mentioned in the main text (Fig. 3) , the dynamic link ring is formed by a slot waveguide which support two modes separated by frequency Ω that matches the free spectral range of the rings. Let b 1...4 and c 1...4 denote the modal amplitudes of the odd and even modes in the dynamic link ring, respectively. The resonance of the dynamic link ring should be aligned with the site ring, which we will prove in section S3. Consequently at frequency ω = ω m + δω the propagation phase over one quarter of the dynamic link ring is (m + δω/Ω)(2π/4) for the even mode, and (m − 1 + δω/Ω)(2π/4) for the odd mode. We also assume that the odd mode only couples to the red site ring while the even mode only couples to the blue site ring, with a coupling strength γ d . We will provide a design that enables such selective coupling in section S4. Everything considered, the equations describing the coupling between the dynamic link ring and the site ring are
c 4,x+1/2,y,m = e iφ e imπ/2 c 3,x+1/2,y,m (S12) a 3,x+1,y,m c 2,x+1/2,y,m = e iφ e imπ/2 S(γ d ) a 4,x+1,y,m c 1,x+1/2,y,m (S13) b 2,x+1/2,y,m+1 = e iφ e imπ/2 b 1,x+1/2,y,m+1 (S14)
Here Eq. S12 highlights the lack of coupling from the even mode of the dynamic link ring to the red site ring. Eq. S14 highlights the lack of coupling from the odd mode of the dynamic link ring to the blue site ring. Within the upper and lower halves of the dynamic link ring, dynamic modulation of refractive index induces direct photonic transition between the m-th order even mode and the (m + 1)-th order odd mode. Given the modulation depth C, the equations relating the modal amplitudes in the dynamic link ring before and after the modulator is c 3,x+1/2,y,m b 3,x+1/2,y,m+1 = e iφ e imπ/2 T (C) c 2,x+1/2,y,m b 2,x+1/2,y,m+1 (S15)
is the transfer matrix describing the coupling between the two modes. Eqs. (S7-S16) represent a system of equations that describe the array of rings as considered in the main text. For such an array, its band structure can be calculated by solving these equations for the eigenvalue of φ (which relates to δω) at a given wavevector component k f along the frequency axis and/or components k x,y in real space (19). For the transport simulation at any given δω, the steady state wavefunctions (modal amplitudes) can be obtained by the above set of equations with appropriate inputs. Waveguide propagation loss and modulation loss can also be incorporated by multiplying the right hand side of all the equations with e −α/4 , where 2α is the round-trip power loss.
Section S3. Designing the coupling and modulation strength of the link ring
In this section we provide the physical design of the different types of microrings in our system. From Eqs. (S7-S10) one can eliminate the static link ring variables b 1...4 and obtain an effective scattering matrix for the coupling of two site rings through a static link ring. Similarly from Eqs. (S11-S16) one can obtain an effective scattering matrix for the coupling of two site rings through a dynamic link ring. To achieve various topological effects there are specific requirements on these effective scattering matrices. We will use these requirements to design the link rings. To realize a 2D photonic quantum spin Hall effect (QSHE) with a microring array of static site and link rings, Ref. (7) showed that it is best to align the resonance of the site ring to the anti-resonance of the link ring (see fig. S2a ). This ensures that the system can be described by the tight binding model given in Eq. 1 of the main text, with a coupling coefficient between the site rings that is a constant as the frequency varies across the topological bandgap. Ref. fig. S2(b to d) plot the static link ring's effective scattering matrix parameters, which are indeed slow-varying near δω = 0. Next we design the dynamic link ring to support a screw dislocation along the synthetic frequency dimensions. To avoid introducing extra defect modes into the topological bandgap when replacing some of the static link rings with dynamic ones, we need to ensure that within the topological bandgap, the effective scattering matrix of two site rings coupling through a dynamic link ring matches that of coupling through a static link ring. This is achieved by operating the dynamic link ring on resonance (see Fig. 3B in the main text), and by choosing its dynamic modulation depth C and inter-waveguide coupling strength γ d appropriately. For γ s = 0.75 and a round-trip power loss of 5%, the chosen parameters are C = 0.08π and γ d = 0.45. The effective scattering matrix parameters for coupling through the dynamic link ring are shown by dashed lines in fig. S2(b to d) , which closely match the values for the static link ring near δω = 0. Away from resonance, the dynamic link ring parameters vary significantly faster. This causes a slight narrowing of the topological bandgap, evident when comparing Fig. 2A to Fig. 4A in the main text.
Section S4. Waveguide coupler and modulator design
Here we provide an exemplary design for the dynamic link rings coupling to two site rings. As mentioned in the main text (Fig. 3) , the dynamic link ring is formed by a slot waveguide and supports two modes, coupled together by a dynamic modulator. In addition, each of these two modes couples to only one of the site rings. Below, we provide a specific design that accomplishes such requirements. For the modulated region of the dynamic link ring, we assume a slot waveguide structure consisting of two dielectric slab waveguides, each with a width of 200 nm and a dielectric constant of 12, separated by an air gap of 600 nm. Near the operating frequency of 193.5 THz (1, 550 nm in the free space wavelength), at the same wavevector β, the even and odd modes of this slot waveguide differ by a frequency of 100 GHz. The waveguide dispersion for the two modes are plotted in solid black line in fig. S3a . To drive a direct photonic transition (Fig. 3B of the main text) , we modulate the refractive index of the slab waveguides with an opposite phase and a modulation strength of δ / = 2 × 10 −4 at a frequency of 100 GHz. The odd spatial parity of the modulation ensures that only modes of opposite parity are coupled. In order to determine the coupling constant between the even and odd modes as induced by such a modulation, we simulate the modulator using the multi-frequency finite-difference frequency-domain (FDFD) method (40). An excitation with a single frequency ω 0 = 2π × 193.5 THz and with the even mode profile is injected. We plot the power in various sidebands in fig. S3b as a function of the modulator length L m . 6.2% of input power is converted to the odd mode at ω 1 = ω 0 + Ω at L m = 350 µm, corresponding to a modulation depth C = 0.08π. At L m = 350 µm, conversion to other sidebands is negligible, so the modulator is well described by a 2 × 2 transfer matrix
State-of-the-art on-chip modulators can typically go up to 60 GHz (41) with a modulation depth π/4. Since we need a relatively small modulation depth C = 0.08π, a higher modulation frequency of 100 GHz is potentially realizable. Using such a slot waveguide, we design a ring with a free spectral range Ω = 2π × 100 GHz. Such a ring has a radius of 135 µm and a circumference of 850 µm.
Next we design the waveguide coupler between the dynamic link ring and the site rings. In the dynamic link ring, the air gap of the slot waveguide is adiabatically tapered down from 600 nm in the modulated region to 300 nm in the waveguide coupler region. The waveguide dispersion relation in the waveguide coupler region is shown as dashed black lines in fig. S3a . At the same frequency near the operating frequency, the even modes in the waveguide coupler region and in the modulated region has their wavevectors differ by ∆β = 0.09 µm −1 . The same wavevector difference also occurs between the odd modes in the two regions. The blue site ring consists of a slab waveguide with a width of 200 nm and a dielectric constant of 11.843. Its dispersion shown by the blue line in fig. S3a matches that of the even mode of the dynamic link ring in the waveguide coupler region. In the coupling region, the air gap between the waveguide of the blue site ring and the dynamic link ring is 450 nm. In our FDFD simulation, an excitation with a single frequency of 193.5 THz is injected into the waveguide of the blue site ring. After propagating for 38 µm, 20% of the power is coupled into the even mode of the dynamic link ring, as shown in fig. S3(c and d) . This corresponds to a coupling strength γ d = 0.45, which varies less then 5% as the input frequency is swept over 2 THz ( fig. S3e) . Moreover, coupling from the blue site ring to the odd mode in the dynamic link ring is negligible at a coupler length of 38 µm due to the large phase mismatch (≈ 2∆β). Overall, the scattering matrix at the waveguide coupler between the blue site ring and the dynamic link ring is
for the blue site ring and the even mode in the dynamic link ring. The odd mode in the dynamic link ring simply propagates without scattering. We can similarly design the coupler to the red site ring so that it only couples to the odd mode in the dynamic link ring with an effective coupling strength of γ d = 0.45. The FDFD simulation of such a coupler is shown in fig. S3 (f to h), and the design parameters are listed in table. S1. Table S1 lists all the design parameters discussed in this section. Although in this design we fine tune the various waveguide dispersions by changing the dielectric constant of the waveguide for the convenience of numerical simulation, in practice one can achieve the same effect by changing the cross-sectional dimensions of waveguides forming the rings. 
